Abstract. Estimation of bounds for the two-dimensional discrete harmonic Green's function is obtained. These estimations can then be used to obtain approximate solutions to two-dimensional boundary problems associated with the harmonic difference operator.
Duffin and Shaffer [3] showed, by means of an operational calculus based on Fourier series, that (6) g(m, n) = * f f ^ exP [i{mX + ny)]
On the other hand, McCrea and Whipple [6] showed, by considering a two-dimensional random walk problem, that /t\ , v 1 f* 1 -exp [-| m I y] cos nx , (7) g(m, n) = -/ ■-E-. ' -dx. 2t Jo sinh y with (8) cos x + cosh y = 2.
The asymptotic estimates obtained by [3] and [6] are, respectively
1 / 2 i 2\l/2 as k = (m + n ) -> *>.
( 10) p(m, «) = -log k + -log 2 + 7 + o (-J as fc ->• °o.
Here 7 is the Euler's constant.
3. Statement of Main Results. The main results of this paper are contained in the following theorem, which will be proved in Section 5.
Theorem l.Ifk = m + n ^ 0 and the mesh widths are unity (i.e., m, n = 0, ±1, ±2, etc.), then (lia) =^-6 Ik 2rg(m,n) -log fc - § log 2 -y ^ ¿ + 5-^° .
Let P = (xP , yP), Q = (xQ , yQ), and m = (xQ -xP)/h, n = («/<, -yP)/h. If P = PQ = \/((£o -^p)2 + (yo ~~ yp)2)> then the bounds for the Green's functions gr(Q) associated with mesh widths h are
Remark. As will be shown later, estimates (11) could be improved to also contain terms of the form 0(l/fc4) or 0(l/p4), 0(l/fc6) or 0(l/p6), etc.
4. Preliminary Results and Lemmas. To obtain explicit bounds for g(m, n), we shall use representation (7) with the two properties: obtained in [6] . Next, one notes from Eq. (7) that g(m, n) = g(m, -n) and, hence
This means that it is sufficient to consider the behavior of g(m, n) for m = n = 0 and, without loss of generality, assume that m ^ 1. In addition, for any given x, we shall consider only the non-negative values of y determined by relation (8).
FromEq. (7), Lemma Í. If t -x = it, where 0 < e = 1, iAen 7/ > 9e/10.
Proof. By considering the series for cosh ?/ = 2 -cos x and cosh 9i/10, it can easily be shown that cosh y > cosh 9e/10, so that y > 9e/10.
Using Lemma 1 and the fact that 1/sinh y < \/y < 10/9e for 0 < e á 1, « = x ^ 7T, one obtains, after neglecting negative valued terms, Furthermore, by Eqs. (22) and (23), sinh x 2: 9x/10 and, therefore, d2 ^ 2/9 Jo* xe~mx dx i= 2/9m , m ^ 1 (after negative terms have been dropped and e = m_I/3 has been substituted).
Combining the above results, we obtain (27) |J>IS«* + *>í!(jjg + 0.í¿, »1 
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